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LIST OF SYMBOLS
A+ n X n invariant system matrix;
B -n x m invariant input matrix;
C -k x m invariant output matrix;
D - n x n invariant closed~loop matrix;
E - 2n x 2n invariant diagonal matrix of (Transl. Note: omission in Hebrew {ofiginal);}

F, - n x n invariant matrix (see existence theorem 4.1);

1

F2 - n x n invariant matrix (see Eq'. (5;5b);

J - n x n invariant matrix, diagonalized according to Jordan;
- 2n x 2n invariant matrix (see Eq'. (3.22));

I - set of eigenvectors;

M - 2n x 2n invariant matrix of the Euler-Lagrange equations;

P - n x n matrix of the solution of the Riccati equation;

Q - n X n definite or semidefinite matrix (see Eq. (3.11));

S - n x n matrix defined by Eq. (5.23);

R, -kx k definite (positive or negative, depending on the case) matrix;

R2 - m X m positive definite matrix;

T - n x n invariant matrix defined by Eq. (3.4);

V-2nx 2_n invariant matrix;

X - n X n invariant matrices;

Y - n X n invariant matrices;

7 - n X n invariant matrices;

-—-eij (jw) - eigenvector corresponding to eigenvalue P = jw;

e - n-dimensional vector, eigenvector of M;

f - quadratic cos£ function;

p - eigenvalue of M



i, i, k, I, m, n, q, r, s - current subscripts;
v(jw) - eigenvector of M' corresponding to eigenvalue p = jw;
t - current time;
tf - optimum-=-process time;
tc - conjugate-point time;
u - m~dimensional vector - input vector;
y - k-dimensional vector - output vector;
x - n-dimensional vector - vector of state variables;
A - n-dimensional vector - vector of Lagrangian multipliers;
e(t) - 2n X 2n time-variant transformation matrix;
jw - pure imaginary eigenvalue of M
o - n-dimensional vectors;
P - n-dimensional vectors;
}'\ - n—dimensional vectors;
z‘- n-dimensional vectors;
@T“ - n-dimensional space;
% .(E‘) - transformation range corresponding to the matrix subspace;
& (U) - subspace orthogonal to y (U);
\yzp(U) - nullity subspace of U;
U+ - pseudo inverse of U;

U, ~ square submatrix of U whose columns and rows correspond to observable
state variables of A;

U - square submatrix of U whose columns and rows correspond to nonobservable

nob state variables of A;

U _ - square submatrix of U whose columns and rows correspond to controllable
state variables of A;

Unc - square submatrix of U whose columns and rows correspond to noncontroll-
able state variables of A.
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ABSTRACT

This thesis is concerned with optimization of linear, time-invariant systems by '
means of quadratic criteria. |

Given a system described by its state variables:

%(t) Ax(t) + Bu(t)
x(o)

y = Cx

(1)

i

b4
o

it is required to find an optimal controller u(t) that will minimize the cost func-
tion
t

f .
) = [ (' (0Ryl6) + w(£)R,(6)uls) ) at (2
R to .

where R1 and R2 are symmetric matrices.

It is the purpose of this thesis to find necessary and sufficient conditions for
the existence of an optimal solution and to find the properties of such a solution if
it does exist. The method of solution is based on the calculus of variations and -
analysis of the results thus obtained by the methods of linear algebra.

Chapter 2 surveys the general results obtained by others concerning the ex-
istence of a solution to this problem [1,2]. It is found that necessary and sufficient
conditions for the existence of an optimal solution are the following:

a. R2>‘O;

b: Satisfaction of the Euler-Lagrange equations

o 3
x A BB x x @
1y = ) = M
PN —~C'R,C -A! ™ N

i - -

with the boundary conditions

s\(tf) = 045 x(t) = x



¢. Nonexistence of a point tc’ which would be conjugate to t, over the range

f
(to’ tf) .

Chapters 3 through 5 are concerned with the application of these conditions to
the case of R >0 and with the determination of the constraints on the quantities
A, B, and C and on their interrelationships. Chapter 3 discusses the special prop-
erties of a matrix M. It is found that the eigenvalues of this matrix are sym-
metric even with respect to the imaginary axis. The fact is also established that,
with the exception of special cases, the matrix M has no eigenvalues p such that
Re(p) = 0.

It turns out that, with the exception of these particular cases, it is possible to
find a matrix E such that

a. J 0 ‘ (4)

where J is a matrix in Jordan canonical form

b. " o | (5)
22 12
B! '

E21 E11

It should be noted that the thesis also discusses the exceptional cases when
eigenvalues of the type Re(p) = 0 do exist.

Chapter 4 analyzes the properties of matrices E,,. Necessary and suff1c1ent

ij,
. conditions are found for the existence of matrices E_, .A\When these do not \

\

exist, 929(}3 ) ; and Q (E )are found.

Chapter 5 utilizes the 1nformat1on obtained in Chapters 3 and 4 for determi-
nation of the nature of the optimal solution and for establishing the existence or
nonexistence of a conjugate point. This chapter proves the known results that,
1n the case of R, ™ 0: a) an optimal solution exists for every system for finite

f, b) a solution exists as tfc>q only if the observable part of A can be stabilized.

The method of solution presented here is not new and has already been used in
[1,2]. However, this approach was used there on the assumption that a solution
does exist [without proving this existence]. Because of this, some assumptions
were made without proof and without establishing limits of applicability of these
assumptions. In addition, the above studies were restricted to cases when M is
a simple linear transformation and has no eigenvalues p such that Re(p) = 0. The
present thesis is concerned also with cases excluded by the above restrictions.

The method presented here has an advantage over the classical approach of
[3] in that it is not restricted to a specific property of the problem, but addresses

2



itself directly to the defining Euler-Lagrange equations. This is illustrated in
Chapter 6, where the problem is solved for the case R, < 0, which is termed

the maximization problem and cannot be proven by the method of [3]. In this

Chapter, we refer to Chapters 3~5 in order to elucidate the special properties of
M in this case and to point out the differences between the nature of the minimi-

zation and maximization solution.

The results in this cases are more quantitative than qualitative. Precise
necessary and sufficient conditions were obtained only for the limiting case as
te i=>oq; these are: f

a i*‘{,(A-ij) (C'R1C)T ('A";jwl) + B'RZB}: x<0
Vox s (ageI) x @/(C'R'C)  ’
¥ w .

b. The observable part.of A is unconditionally stable.

Only partial results are obtained for finite tf. These results are quantitative

and are given in the thesis proper.



CHAPTER 1

INTRODUCTION |

1.1 Statement of the Problem of the Controller

One of the most frequent problems in the theory of optimal control is that
of the controller. This problem pertains to the following. We are given a system
with initial conditions at time t . It is required to select a controller or an in-
put signal which will bring the system to the vicinity of its zero state upon reach-
ing a specified time t.. The problem is solved by establishing an appropriate
cost function for the state of the system at any given instant and by finding an
input signal which will result in minimization of the cost function.

When no apriori restrictions are imposed on the input signal, it is custo-
mary to supplement the cost function by a term the minimization of which will
cause the input signal to attain a sensible amplitude or energy. In fact, this
problem is a particular case of the optimization problem as a whole. Since this
problem has a practical bearing on many applications, it has been treated ex-
tensively in the literature of control theory.

1.2 Statement of the Maximization Problem

Another problem of this kind is that of maximization. Here we are given a
system with initial conditions specified at t . It is necessary to select an input
signal which will result in maximization of lthe state variables or some of them
up to a given time t.. Again in this case the cost function is supplemented by a
term which limits the input signal to a finite value.

The requirements of maximization of the state variables on the one hand and
of minimization of the input signal on the other are not always compatible. For
this reason, the existence of a final solution to this problem is not a priori
guaranteed. Problems of this kind have a practical bearing on the design of sys-
tems using the method of design for the worst case under the assumption of max-
imum possible interference. Similar maximization problems are also encountered
in problems of evasion.



.1 .3 Method of Solution

This study is limited to time-constant linear systems and to time-constant
quadratic cost functions. These conditions make it possible to obtain relatively
simple conditions for the existence of a solution and for analysis of the significance
of these conditions. The method of solution is based on the calculus of variations
and on examination of the Euler-Lagrange equations which are obtained in it by us=
ing linear-algebra techniques. B

The above method of solution is not new and has already been examined in a
number of articles [1,2]; the principal contribution of this paper is the proof of
assumptions made in the above studies, but not proven there. In addition, this
study pertains to cases not discussed elsewhere. The present study is based (in
part) on the classical conditions for the existence of a solution, which are presented
here without proof and which were taken from [4, 5].

The bulk of the mathematical computations uses the methods of linear algebra.
In conjunction with this, extensive use is made of [8]. The variational computations
are based on a number of bagic references.

1.5 Scope of the Stucig

As was mentioned, the principal contribution of this paper is proof of the as-
sumptions used in [1, 2, 3] without any proof. This proof is given in Chapters 4 and
5. Chapter 3 serves as an introduction to these two chapters. Chapter 6 considers
the problem of the maximum and it points to the differences between the solutions
of the maximization and minimization problems.



CHAPTER 2.
STATEMENT OF THE PROBLEM AND ITS SOLUTION

2.1 Statement of Problem

We have given a time-invariant linear system of finite order n defined by
the linear vectorial equation

x(t) = Ak(t) + Bu(t) 7 (2.1)
X(to) = X '
y = Cx

where x(t) is an n—-dimensional vector describing the state of the system at time
t, u(t) is an m~dimensional vector serving as the input signal at time t, and y(t)
is a k~dimensional vector serving as the output signal at time t.

Every piecewise-continuous input signal will be called admissible. A,B, and
C are k xn, n x m and n x n matrices respectively.

Together with the above system, we are given the quadratic cost function

£
flusx) = Jt’; V(DR + w®Ru() a3

where t, and ’cf are specified.
R, and R, are k x k and m x m matrices respectively. It is required to find
an optimal input signal dj".(t) which will minimize the cost function (2.2) subject to

condition (2.1), i.e., f(ﬁ@‘ Zf) for all u(t).

9.2 Presentation of Solution

The solution of the problem and conditions for existence of a solution are
summarized in the theorems that follow. The proof of these is given in [1,4].

6



Theorem 1: The optimum input signal u(t) for system (2.1) and cost function
(2.2) satisfies the Euler-Lagrange equations: |

£ (¢) = Ax(t) +Bult) (2.3)
X&) = -aA(t) <'RCx(t) (2.4)
R, u(t) = -B'A(t) (2.5)

with the boundary conditions

o= 2.6
x(t,) x, (2.6)

Mt = o (2.7)

where the n-dimensional vector/\(t) is the vector of the Lagrangian multipliers.
This theorem shall be termed necessary condition I for the existence of a solution.

- Theorem 2 (Necessary condition II). A necessary condition for the existence
of a unique solution of this problem is that R, >0. This condition is analogous
to the Legendre-Clebsch condition in the calculus of variations.

Theorem 3 (Necessary condition III). A necessary condition for the existence
of a solution to this problem is the nonexistence of a point t conjugate to the point tf‘

in the interval (tg,, tf) . This condition is analogous to the Jacobi condition in the \
calculus of variations.

Definition of conjugate point. A point t_ is conjugate to tf if it is contained
in the interval-(t; ,tf) and - there exists a nontrivial solution to Eqs. (2.3)-(2.5) \
which satisfies the boundary conditions

x(tc) ' 0 ‘ (2.8)

}\(tf) ‘ 0 (2.9)

Theorem 4 Satisfaction of the necessary conditions I, II, and III is a sufficient

condition for the existence of a solution to the problem for finite tf.

2.3 Solution of Euler-Lagrange Equations

It is possible to write Eqs. (2.3)~-(2.5) as a system of linear homogeneous
equations

=@ _[a o om0 (2.10)

s () <R, C -A" NOIEE



If we define the matrix

A -BR;lB' (2.11)
M = . ‘
-C'R,iC -A'
equation (2.10) may be written
. ' \ (2.12)
x (t) ] - x(t) !
[ =M ‘
A (%) At)

The transformation \matrix of a homogeneous equation will be denoted by 0 (t, )
- . o -

,@ (,j (2.13a)
11 (tp5t) 72(tp5t))
@(t it ) =] a !
172" TGy S
,21(1*'1”2) 5altyity) ]
Since M is a time-invariant matrix, we have
(2.13b)

Oy 2 Oy

The submatrices O.j are n x n, but have no properties of the transformation
matrix. Using Eqs. (2.13) and (2.6), we get

x(t) = ?{(t—tb)xo+ qz(t-to))\o. (2.14)
MO %(t—to)xo+ ?2"('c-*co)/\0

and, from boundary conditions (2.7), we get
- Oy - - |
651(tf )z, + S(tt )Xo = 0 (2.15)

2.4 Check for Nonexistence of a Conjugate Point

Substitution of boundary conditions (2.7) and (2.8) into Eqs. (2.13) yields

. |
(2_2(%'%) M) o= Alg) = J (2.16)



For this equation to have only a trivial solution, it is necessary that
(9_ ! (2.17)
et { U, le-t)f 4 o
This condition is analogous to the condition of existence of a unique solution of

Eq. (2.15).

2.5 Solution in a Closed Loop

When there is no conjugate point, it is possible to solve the problem in a
closed loop, with \(t) selected at any given time in such a manner that the value
of x(t) at that time is the initial condition of the system and it is necessary to
minimize the cost function in the interval (to,{ tf) . From Eq. (2.15)

ol S ? (2.18)
A(t) = &%t 21(t§t_ )z(t)
A(t) = P(t) Cx(t)
where
R T Yy 2.19
P(Ati) = 622(t}t‘,_4) @2'1(t+tr) (2.19)
The matrix P(t) satisfies the Riccati equation
P(td = -C',R1C—A'P(t)'-P,I(t)A+P(t)BR2B'P(t); P(tf} o= oi (2.20)
and the value of the cost function is
f(xo;t f) = x, P(tffto)xo ' (2.21)

A solution will exist as tf-s’ oo if there exists a solution for every finite tb and
if
|

lim P(t-t ) = finfte , (&« - Lo 5 e



CHAPTER 3.
ANALYSIS OF THE EULER-LAGRANGE EQUATIONS

3.1 Introduction

The following chapters are concerned with solution of the problem of the
minimum, i.e., in the case of R, >0, As was shown in the preceding chapter,
the optimum solution satisfies the Euler~Lagrange equations with appropriate
boundary conditions.

In the case of time-invariant linear systems and quadratic cost functions
with time-constant coefficients, these equations are defined by the system of
time-invariant linear equations

x(t) () (2.12)
\ - = M
Mt) Mt)
| oA _BR?B' (2.11)
Moo= -
' -C'R1C : -At

We shall attempt to gather a maximum of information on the nature of the
optimal solution by analyzing the above equations by the methods of linear algebra.

In the proofs which follow, we shall on a number of occasions need the canonical
forms of A, B, and C. For each of the systems A, B, and C, it is possible,
after appropriate transformation, to obtain the following form (see [8], Chapter
11):

10



3.1)

ro\ [N f 3 r -~
x, Ay A Az Ay X, B, |
\
X 0 A 0 A X B
2| 22 24 2| | 2]
0 0 <
% | Ass Ay = |0 |
L% 0 0 | 0 A44' \x4J \o |
b "
y = 0; C; O; C J x4
[ 2 4 x12
X3 !
X4 | |

where the matrix elements A pertaining to observable, nonobservable, controll-
able, and noncontrollable state variables are as follows:|

A EEEETRE | Aq1 A3 ] (3.2)
ob = K0 Agq ‘ ; Anob '\o A33 |
W oA M2 ) R A34J‘
. ne -
c Y 0 ' A22 ] .‘ ] . 0 A44

Henceforth, it shall be assumed that the matrices are initially given in this
canonical form. Moreover, we assume that Ai' have already been given in Jordan
canonical form. L

3.2 The Eigenvalues of the Matrix M

Theorem 5 The Matrix M has the Property

~L
TMT (3.3)

3

The proof of the above is obtained immediately by substituting the values of the
matrices M and T. The matrix T is a special matrix with the property

-1

M =
where

(3.4)
T =

™ = I = T (3.5)

This property will be found useful in what follows.

Theorem 6 If p. is an eigenvalue of multiplicity r, then —p, is also an eigen-
value of M of multipiicity r. If P, = 0, then ithas an even multiblicity

11



Proof: the eigenvalues are the solutions of
£

det(M—piI) = 0 (3.6)
det(M'-piI) = 0
In this case
o S 3.7
det T(M'-p,I)T 2o (8.7)
det(priI) = 0,

i.e., if p, is an eigenvalue of M of multiplicity r, then -P; is also an eigenvalue
of M of multiplicity r.

Since M is an 2n x 2n matrix, it will have 2n eigenvalues (not necessarily
distinet). Each eigenvalue has corresponding to it another eigenvalue of an oppo-
site sign (but same magnitude). Therefore if it contains a zero eigenvalue, it
will have another zero eigenvalue corresponding to it, so that the total number of
eigenvalues will be even (2n).

Theorem 7 If P, is an eigenvalue of M of multiplicity r and it has correspond-
ing to-it 9 eigenvectors corresponding to each of which has [in'turn] are 8; =0
generalized eigenvectors, then also the —p. of multiplicity r will have corrgspond-
ing to it q, eigenvectors, and correspondinlg to each such vector are s, generalized
eigenvectors. q

Proof: Using Jordan canonization, we can see that the multiplicities of the
eigenvectors, the number of these eigenvectors, and the number of the generalized
eigenvectors of M corresponding to them are equal to those of M. Therefore,.

8

. iq - a
- (M-p,1) . ey = 0,
: g
-1/, iq -1 _
(M fpiI) G e, = O
9.
(T—lH'T-piI) Mt e = 0
Siq .1
-(M+piI) 1A & = 0

-1 ‘ .
If we write Te,, =e ji» We can see that, for each eigenvector (ordinary or
O 1 -
generalized) of M coxj_responding to P, there exists an eigenvector (ordinary or
generalized) of M corresponding to ~Pp; -

This theorem points to symmetrical properties in the spectral analysis of M.
This symmetry has no meaning for p; = 0. It will be seen further on that this

case requires special consideration.

12



3.3 Check for the Existence of Eigenvalues with Re(p) = 0

Let us now check whether there exist eigenvalues with zero real part. It
appears that because R, >0 eigenvalues like this may exist in special cases.

Theorem 8 The matrix M will have eigenvalues with zero real part if and

only if the noncontrollable part of A in A and B or the nonobservable part of A in

A and C contain eigenvalues with zero real part.

Proof: a) We write out in detail the matrix M, with A defined as in Eq. (3. 1):

e

142 A
0 Alé
0 o
0 0
M= L
0 0
"
0 CLR.C,)
0 0
1
(0 C48,C,

L Ay, l'BlR; | 31R;13'2 0 0
o 4 44 { ,bég?B'l BZR?B:? 0 0
bs A1 © ° © 0
0 Ry, |l o 0 0 0
0 0 | -, 0 0 0
) 02310’4 | AL, kb 0 0
o 0 : -Ajs 0 A 0
3 “ CRCy 1Ay Ry Ay 'Aim,

L

(3.8)

|

i

Changing the order of the state variable of this matrix, we arrive at the matrix
M/, which has eigenvalues identical to those of the matrix M and which has the

form
'8 |
‘&1 1

0

0

]

Mx

Az 0 Agp
Azz O 0
0 0 0 -
0. 0 0
1
o 0 CRC,
o 0 0

Mg | B1R'2'1i31'? BR5°B5 0 )
Azy 0o, 'O )
O My My M
b, | BB BEDE)

24 2Ry By BoRy'Bp O
:AM 0 0 0

0 Ay o o
CE Gy Ay kO
oy o

(3.9)



It is clear from this matrix that the eigenvalues of A, , Ay, and A}, are
also the eigenvalues of M. According to Theorems 6 and 17, the eigenvalues of
. A,, will also be the eigenvalues of M; hence if A,;, Ay, or A, are eigenvalues
with zero real part, M will also have such eigenvalues. From this, the eigen-
values with zero real part (and also others) of the noncontrollable and/or non-
observable part of A are also the eigenvalues of M.

b) LeWus assume that M has an eigenvalue p = jw. Its corresponding eigen-

vector will satisfy the conditions
(A-jwI) x -BR;B' A\ = 0 (3.10)
<'RC x-(A'4gwI)) = 0

1

n
The matrixQ = C'RIC is symmetrical. Accordingly, we divide space 6 into
two complementary subspaces

G - R@ W

The vector x c@n can be decomposed into two components
|

(3.11)

. = € 9L (Q)' | (3.12)
X=X, +X t i
ob = “nod x, - e gz{ @) |
Analogously, we decompose (A' + ij))\‘:
. - & | (3.13)
Doy ¢ (AT WI)A Q, (Q)

A nob (A'+3C°I)>\nob€'- ‘929 (Q)‘}

1t is clear from Eq. (3.6) that
(x'+ J0I) >\.nob = 0 (3.14)

For the system composed of A and C, in which the nonobservable part of A
contains eigenvalues of the kind p = jw, >‘nob will have a nonzero solution. For
all the other cases

A = 0 “".',-

no

A= /\ob

o

14 .\



and from the second of equations (3.10)

XO’-';: —QT (:’&+;) wI) >\ob (3.15)

*
We substitute X, into Eq. (3.6) and multiply it from the left by >‘ob’ thus

obtaining b
- 2%, {(A-ij)QT (wejenD-EB b =0 (8.16)
this, because
'..4 f
N{a- '=,{* .=I'-}= N (3.17)
(A ;ij)xkbb xmoéA +jo )é\ (x%gx,)»

Expression (3.12) contains two expressions which are at least semidefinite.
Writing A, B, and C in their canonical form, we see that Eq. (3.12) will be semi~
definite only when the observable and noncontrollable parts of A in A, B, and C
contain eigenvalues of the kind Re(p) = 0. In this case, there exists a A # 0 which
satisfies Eq. (3.12). In all other cases Eq. (3.12) is fully definite, and hence the
only solution for Aob is )"'ob =0.

Subdivision of Cn into the two complementary subspaces

..Gn =%(BREIB.') Z‘é%(m‘z'lgc.) | (3.18)

and repetition of operations similar to (3.11)~(3.17) makes it possible to prove
that similar results are obtained for the lower part of the vector x: x # 0 with
respect to vectors corresponding to eigenvalues which are also eigenvalues of
the noncontrollable or nonobservable part of A; x = 0 for all the other cases.

It follows from this that if jw is not a noncontrollable or nonobservable eigen-
vector of A, then the eigenvector corresponding to it is identically zero, i.e., jw is
not an eigenvalue of M.

Conclusion: The only eigenvalues of M of the kind jw are those belonging to
noncontrollable or nonobservable parts of A (provided that such exist).

Remark: It can be seen from the canonical forms of A, B, and C that the
following holds when M has jw as an eigenvalue: if the eigenvalue belongs to the
nonobservable part, it will have type-a eigenvectors: x #0 the eigenvector of A
and A = 0. Type-b eigenvectors'x # 0, \ #0, whose components correspond to
nonobservable state variables, comprise the eigenvector of A'nob' If it belongs

to the noncontrollable part of A, then there will exist type-c eigenvectors; x =0
and x #0 which are the eigenvector of A'. Type-d eigenvectors: x # 0, whose
components corresponding to noncontrollable state variables, comprise the eigen-

vector of A, and AN#£0.

15,



Note that while type a and b vectors are generally simple eigenvectors, type
-¢ and -d vectors are generalized eigenvectors. This is now shown by a number
of numerical examples.

Example 3;1. We have the system defined by matrices

1 00 1 00
A = |0 0 -1 s B = 010
310 0 0 1
1
cC = 0
0
R1_R2_I

where A has nonobservable eigenvalues p = +jw. The matrix M then has the form

4 ¥
1 00-1t OO

0 0-1t 0-1 O
_— 3,1!,000-1

-1 0 0-1 03
000 0 0+
000 d-1 O

\ ) ’

This matrix has eigenvalueé;vt \/§:and +j of multiplicity two. The eigenvectors

will be: [e(+V2), e(- v2) and also:
' ) 77—‘.

e, (+3) =

Vectors e (#) are type-a vectors, while vectors e2(_+_-j) are type-b vectors, which

satisfy

16"

0

~

-

el(-j) =

N

0
1

+J

P 2

e2(+:j‘) =

[

~

2/3(1+3)

-

2/3 j
0

5/3

-2/3

/33 |

e,(~3) =

~

"-2/3 j

0
5/

2/3(1-3)|

-2/3
2/3 3§

-~



(M73) o, (¥3) =—o, (25) |

Example 3.2. We have the system defined by the matrices:

A

10 3 100

A = |0 0+ B = |00 0
‘ 0-1 0 000
5 . 1 '

C = 1
, | 1
A has a noncontrollable eigenvalue p = + jw. The matrix has'the form

"1 0 3-10 0]

0 0 1 00
=1 0.1 '

M2 = 1' 0 00

-1 0 0-1 0O

0-1t 0 0 01

0 0-1-3+ O

This matrix, as well as matrix M in Example 3.1, has eigenvalues[tx/iland 4 of
multiplicity two. The eigenvectoxjs are\e(+ V2, el - \/5)\ Also,

To® Tol Co/3(1-3)] Co/3(143)]
ol 0 2/3 2/3
. 0 ' 0 N |23 | -2/9 3
e1(+3) =1, el(-J) =, 92(‘5’) = /3 3 ez(-d) =|_a/3 5
1 1 | 0 | 0
-3 |+ 1/3 | /3

In this case ei(_-!_-j) are type-c vectors, while ez(;l-j) are type-d vectors which satisfy

e (D) eHD = -l (+)

17|



3.4 Canonization of M

Let us now apply to M a transformation which will bring it to a canonical
form similar to the Jordan canoninical form. In order to obtain the required
transformation, we shall subdivide the eigenvectors (ordinary or generalized) of
M into two groups as follows:

1. Group I(#. This group contains all the eigenvectros (ordinary and generalized)
corresponding to the eigenvalues which satisfy the condition Re(p)> 0. The vec-
tors will be selected so as to satisfy the equations

3. 19)'

Mot T Pi%iq

Meiq2 = B iq2 iqt

Me = P . -
iqsiq i igs, iq(slq 1)

2. Group I(-). This group contains all the eigenvectors corresponding to the
eigenvalue satisfying the condition Re(p) '« 0. The vectors will be selected so as
to satisfy the equations:

(3.20)
M = Ll
®3q1 P5 %500 C3q2
Mesi(s, -1) = Pj %iq(s, 1) ®sgs.
Ja Ja Ja
"jas, T P5 %das
s Ja Ja

3. Ordinary or generalized eigenvectors corresponding to eigenvalues of the kind
Re(p) = 0 exist, as was mentioned above, only when A has eigenvalues such that
the eigenvectors corresponding to them belong to the noncontrollable or nonobser-
able subspace.

a. When the eigenvalue satisfying the condition Re(p) = 0 belong to the non-
observable part of A, we shall refer vectors in the for‘m o fto group I(H and the

|
others correspondmg to the same eigenvalue, will be' refered to group ). !

b. When the eigenvalue belongs to the noncontrollable part of A, we shall
N 1

[ — . 0

‘ T Y o] . ..

refer vectors of the férmx{ J to group I(~), while the remaining vectors,\ corre-
| ) ~ : e
| spondmg to the same elgenvalue w111 be referred to group I(-!)

Having estabhshed the groups I(+) and I(—), we now construct the matr1x ]

1



3.21
11 12| (8.21)
E = : b '\
| R \
so that
r 3 )
| By |
Columns of S & I(+)
\E21 -
d Y
E
- Columns of 12 & I(-)
E
| 22,

It can be seen from Eqgs. (3.22) and (3.24) that, with the exception of the case
of p, = jw, all the generalized eigenvectors interconnected by a given chain are
confained in this group. We therefore can, by proper arrangement of the col-
umns of the matrix E, find a matrix which will satisfy '

© o (8.22
E"lmv=)5§ ( )

' . " (3.23)
% = gﬁ >€§12' _ ¥ '

: _Jniib(jw) l
Ja Y | Tne(§®) v

J being a Jordan matrix.

The use of Jnob(jw) and J_ (jw) is mandatory since, if there exist eigenvalues
of the type Re(p) = 0, then the generalized eigenvectors related to them will belong
to both groups.

We now define the matrix J

ob(jw) . The matrix J _(jw) is defined similarly

by replacing observability terminology with controllability terminology. The
general form of I ob will be

ol lo o OF ' L (329
., g T .
. —_
Taopt ) - = 01.40 1 0
| o':1 00
0] 10 0 1

a19lv( ,



The compouents of Jnob(jw) will be determined according to the following rules:

M) -
, Jnob(‘.J ) J'n'<>b("j w)

Re(pj) =0 R Rg(pi) =*( 0 Jnobij('j w) =0

P = Py H Ilp(pk) =0 & Re(pk)=_0 ; anbkl(j w) = 1
B = p*m" i Jnob (3uw) = o

mn :

pr = 0 H Jnobrr(j 00) =1
Pp =0 i Jnobqq(;jw) = o]

and this when i, j, k, 1, m, n, r, and q correspond to nonobservable state vari-
ables of A.

We shall now illustrate the construction of groups I(+) and I(-) and the structure
of the matrix J by means of several examples.

Example 3.3 The eigenvectors in Example 3.1 corresponding to the eigenvalues
j and -j are subdivided according to this classification into groups I(+) and I(-) as
follows:

I(+)!to group e,(=3) i e (+J) 7 e(+72)
I(-) ogow e,(=3) 5 e,(+3) 5 e(-VZ)

i
i

Example 3.4 The eigenvectors in Example 3.2 corresponding to eigenvalues
j and -j are subdivided into groups as follows:

I(-) v\fogroup‘ e, (=3) 1 e, (+3) e(-Y2)
I(+) |to group e2(-j) ; e2(+j) ; e(+\2)

Example 3.5 The matrix 5 corresponding to Example 3.1 is

ek
k..:_ir. .

PO S e A

+¥2 o o I o o |
I
6o -3 0 , o 0
[} R
0 0 4 , 0 .1 O
. | .
0o o0 © ‘-T*z‘ o 0
o o o !'! o o -
L | =y

zjéo |2z



Example 3.6 The matrix )Sj | corresponding to Example 3.2 is

-,

- . . M LN
+270 o {o
0O -J 0'0
0 + | o O
|
o o o V2 0o o
| 0 43 o
Lo v o o 0 -j |

-1 ‘
Theorem 5. It is possible to find from matrices E ME =: 5 one which
satisfies "

B = T-:1E'-1T (3.25)
Proof:
o -
g = 1 Y e

and by transposition
(g o) eTle M) - gj :

| Lo
i.e., the matrix T E' T also satisfies Eq. (3.22)

We write

. B = ¥
] i id)
1. -1 Y22 e
BT = . '
Vo Vi
" and construct the matrix
|
& - B, V!
| E = 1" 12
! t b
B i

21!



It is clear that E also is capable of putting M into canonical form according
to Eq. (3.22). For this matrix we have

' N (3.26)
<!
V“ V12 EH V12

E'TE = ‘ o = I

Rt ' '
E21 E11 . E21_ v11

o~

|

1 '
| This because each column in v12 is a vector contained in the subspace perpen-
| Lvi g :
1"
I ~ _ v
dicular to the subspace defined by columns | 11 J, i.e.,
v!

! 12
- - (3.27)
- . B ’ -
71 = T2 12
E! E!

21 11

Subsequently we shall refer only to the matrix E, dropping the bar for brevity and
calling it simply E.

From Eq. (3.25) we get the following system of equations

' M = . t - i 3.28
E 22E12 B 12E22‘ -o E21E 22 E22E 21 0 ( )
] ) = r 1 =
E 21E11 11E21 ° E‘HE 22 E12E 21 I
E,£E' - B! = t -t -
11 12 E12 1 0 E 22E11 E 12E21 ' I
E' E_ B 0

' ' =
12 21 21E 12

22 .




CHAPTER 4

EXISTENCE THEOREMS

This chapter examines the properties of the eigenvector matrix E and those
of its submatrices. These properties are of great importance in checking for the
existence of a solution. Not all the theorems given here are needed for solving
the problem but are presented here to give a more complete picture of the prop- ,
erties of eigenvectors.

The existence theorems which will be proven here depend directly on the ap-
parently arbitrary structure of the matrix E as it was defined in Egs. (3.22) and
(3.27). This structure was selected in order to impart to these theorems more
of a physical meaning. It is clear that, if we had selected the vectors of E in a
different manner, we would have obtained different theorems.

\ Existence theorem 4.1 || . |

a. If a system A, B is stabilizable (controllable or noncontrollable, but the
| noncontrollable part 1s stable) and if a system A, C does not have a nonobservable
’ subspace containing an eigenvector correspondlng to Re(p) = 0, then the matrix E,
| will be nonsingular. ’
1 .

b. If A, B cannot be stabilized, then Ejyis singular. i ; |

§
| Proof: We shall prove this theorem by assuming the opposite. Let us assume |
that A, B is stabilizable and A, C has no nonoberservable subspaces containing an
eigenvector corresponding to a purely imaginary eigenvalue, while E,, is singular,
which is a contradiction [QED].

If E,is singular there exists a vector which satisfies

Such a vector will also satisfy

Ezz/’*= X's K#£0 (4.2)

—— e — - e L e e ‘

(4.1)




Since E is nonsingular, it is impossible that X = 0 because we then get

(4.3)
0
B /(:\, =0
For such a vector \Ok we have
: (4.4)
0
Le< s 0:( M[ )= -ox'eBR B X
-4
On the other hand,
(4.5)

L, | ol 2

22

Since the columns of E_. appear in conjugate pairs, the only difference between
E.. i and E\"~‘J‘ is change of] order of the columns. We define a matrix F by

n

— G - — — G — — Gy — w— - G—

I | 0 1
1 0
\ | | A
When E Kk =1, the column ek of Ei' is real; when F 1n=1, the columﬁs 91 and
) i :

e, are complex conjugates; }3‘1 rs {) for all the other elements. i

Using the matrix F, as defined above we get ’
' 1| B2, |
f’U*F [Ezz’ ] ?’“F*F [Ezz’ ] . .
Ex2 Eyo | t
' |
= = = i W
o, @rwﬁc ' ;uF1J(ﬂ°b),§4v | |

5 O

p el



When A, C has no nonobservable eigenvalue p = jw, Jnob(jw) =0, we get

o oJu[ Lo
Y_ ’ 3

from this, together with Eq. (4.4) we have

AT ' 4.7)
4 BR2‘B'°(=0 ’
B' =0
For a vector \ X which satifies Eq. (4.7), we get by substitution
s ) < (4.82)
o) 0 ’
M | &
o ] - A
o (Tgwge )|

" On the other hand, similarly to Eq. (4.5),

(4.8D)

‘0 E ‘ J —J&gw) ‘ E. - )
M =B E.-1 12 =E ,1ibb E-1 13- 12 (=J' ) M|
N o |

. 23 82 oy (22 |

Writing /(,\1 =+J" M and O(f1 = A'ex, we get according to Eqs. (4.8a) and
(4.8b)

(4.9
Eyapa=0 :

= A =

v L.
This is a form similar to that of Eqs. (4.1) and (4.2), with! /,\ . and Q(.i ré- l ]
placing. a and . ‘

Similarly, repeating operations (4.4) through (4.7), we get, in analogy with
Eq. (4.7)

B! & =0 (4.10)
B'ACX =0

25



We repeat operations (4.8) through (4.10) n times, so as to define

Vet Y Mo '3 oy = A |

and we get a series of equations

B' Xz (4.11)
B'A%X= 0
B’.&Ig(-—; o

. Hence ’(x" will be nonzero only if ,;Q(‘belongs to the space of noncontroll- |
able state variables. We write A and B in'canonical form

' hY

Ao B’
A:—?,.l—l'-. B:‘—c
0 A 0

nc

The meaning of Eq. (4.11) is that [N # 0 only if it belongs to the form

= (4.12)
0
< {5l

where (X"nc corresponds to noncontrollable state variables.

If A is stabilizable, then Anc is unconditionally stable and all the eigenvalues
satisfy Re(p) ¢, 0.|

Since
) (4.13)
E
: o] [
M - Ll M ‘ - - —1 W —— — i
E22 /N 0 0
Se| [-A'X
, nc nc
it follows that
T T - (4.14)
E 0
12
eMt Moo= _0 ] 1
22 ’knn‘ |
e vo(nc |

26!



contains only exponents with positive real parts.

B
As compared to this, [E12J is, by definition, constructed of eigenvectors

_i
corresponding to eigenvalues with only nonpositive real parts. Therefore,

E
22

contains nonpositive exponents only. Therefore

Jos 0

=0
which contradicts Eq. (4.4).

-1
b. We now prove the inverse theorem. Let us assume that'E,, exists, while
the system A, B cannot be stabilized. It will be seen that this results in a contradic-
tion.

If A, B cannot be stabilized, then Anc has at least one unstable eigenvalue.

This eigenvalue corresponds to an eigenvector z in such a manner that Re(p) > 0
and A;lc z = pz. We construct the vector

« (4.15)
O ]

— ) 0 1

2 |-
0
z ‘

which will be an eigenvector of M:
Mz = -p; _ (4.16)

Since Re(p) !> 0, z & I(-). Since the upper part of z is equal to zero, E is non-
singular, which is a contradiction. 12

From the manner in which this proof was presented, we can dedupe a number
of corollaries.

Corollary 4.1.1 The columns of E,, which'.de not.correspond to nonstabilizable
eigenvalues of A and B and which do not correspond to nonobservable eigenvalue
p, Re(p) = 0 of A, are linearly independent.

27



Corollary 4.1.2.

N, @) > | (4.17)

is a subspace of nonstabilizable state variables

Corollary 4.1.3 If there exists a vector r,"
J€ (4.18)

is a subspace of nonstabilizable state variables, then 20a is also a subspace of non- l;
stabilizable state variables. ) ) T

Proof: It can be seen from Eq. (4.15) that the structure of E,is of the form

t
[E12c } OJ

where the zero right-hand side of the matrix corresponds to eigenvectors corre-
sponding to nonstabilizable eigenvalues of A. If the vector M, belongs to a sub-

-
space of nonstablhzable statevariables, it has the form ‘and satisfies the '
expression

12

0
Ezz/“"““:«hj

As can be seen, this vector also belongs to the subspace of nonstabilizable state
variables.

B =0

From Eqs. (4.9) and (4.13)

Existence theorem 4, 2

The matrix E;y is nonsingular if and only if the noncontrollable part of A (with
respect to A and B) is unconditionally nonstable (all its eigenvalues satisfy Re(p) > 0)
The proof of this is similar to that of existence theorem 4.1.

a. Let us assume that there exists a vector' ;Z/;é\o such that E_ | ,?/_ \ !‘
l

|

Also' in this case E, YL /5 and @ # 0 since E -1 exists (similar to Eq. (4. 3) }

It is known by substitution that

weope |

log !



while, on the other hand, it is known that

[‘5'4;61.\1[‘3] 2*1‘ [—]"*]"k]b ] P\11J(J(»)L>o;

from which it follows that

i
o

..F*BR?}'B'F)
> f

It is also found that Jnc(jW)KYL = 0. On the basis of this and considerations |

0

similar to those concerning Eq. (4.8), we get

~
0 0 E
=M ! = 12 J
! E
A A 22
Performing operations similar to those of (4.8)-(4.10), we get
M) * -1 TN
jQ, AyBR, B'A & = 0
and similarly to Eq. (4.11)

B'AY P = 0

- e e \-. - - - |
B'A'np =. 0

: Therefore' [ =0, with the exception of the case when belong to the noncon-

trollable space of A, B. Also here
~ A
i 0 ([ 0 _
0

M = e—

0 0 ;

AL I Fep)

We should make a distinction between the three cases:

29’



1. Anc has eigenvalues only of the kind Re(p) > 0. In this case,

~A~

o 6 ]
Norm eMt‘ X =°N0i.'1n_ o N 0
t e P‘ 3 ‘e-l}'thJ,
while, by definition Ofl Eﬁ
512 ‘

MT E |
Norm 0{9 ' [EH IS%}L—O
t - 6o 21 -

2, Anc has eigenvalues only of the kind Re(p) = 0. In this case, the vectors
composing E,, are eigenvectors of Anc (type-c vectors according to parag. 3.3)
and therefore cannot be dependent.

—
Therefore B =0.

3. Anc has eigenvalues of the kind Re(p) \_ZO and also Re(p) = 0. The consi-

derations used in the two previous cases together yield the conclusion that again
in this case’ g'\ =0,

b. The inverse theorem will be proven in the same manner as theorem 4.1.
Let us assume that E,, is nonsingular and that Anc has a stable eigenvalue. There

exists an eigenvector y of Anc such that

Apoy .= vy
Re(p). < ©

The vector

is the eigenvector of M for the eigenvalue -p. Therefore, y belongs to (I+) and
E,, has a zero column, which is contradictory.

o),



Corollary 4.2.1 Those columns of E,, which do not correspond to noncon-

trollable and unconditionally stable eigenvalues (Re(p) > 0) are linearly indepen-
dent,

Corollary 4.2.2

(4.19)
& )
D, By = {w

is a subspace of nonstabilizable state variables.

Corollary 4.2.3

(4.20)

v é"’9a(E11)<::> E21y6929(E11)

The proof is similar to that of 4.1.3

Existence theorem 4.3

a. The matrix E . is nonsingular\if the nonobservable part of A_(with respéét_fé
A,Q) is unconditionall;g instable and there is no eigenvector belonging to the noncon-

trollable subspace of A and corresponding to an eigenvalue Re(p) = 0.

b. If the nonobservable part of A is unconditionally unstable, then 'E21 will be

singular.

Proof: the proof is based on that of existence theorem 4.1. The matrix M!
has properties similar to those of M.

The eigenvector matrix of . /v\'\' is

- ~,

\

E@'} | gt w2 e J

~B42 Eyy

It is clear that everything that has been said with respect to E,, and A, B, and C
also applies to E,, and A', C', B', from which we get theorem 4.3.

Also the corollaries and their proofs will be similar.

Corollary 4.3.1 The columns of E,, which do not correspond to nonobserv-

able and stable eigenvalues and which do not correspond to an eigenvalue Re(p) = 0
corresponding to the noncontrollable part of A are linearly independent.

Corollary 4.3.2

%(Ez} ) > (4.21)

.81

|

f

!

|
|
|



is the substance of nonobservable and unstable state variables (Re(p) > 0).
Corollary 4.3.3 If
Y& (4.22)
is a subspace of nonobservable and unstable state variables, then
Eyé

is also a subspace of nonobservable and unstable state variables.

Existence theorem 4.4

The matrix E,, is nonsingular if and only if the nonobservable part of A rela-

tive to A, C contains unconditionally unstable eigenvalues.

Corollary 4.4.1. The columns of E,, corresponding to nonobservable and
state eigenvalues of A are linearly independent.

Corollary 4.4.2

) (29

is a subspace of nonobservable and stable state variables.

Corollary 4.4.3.
¥ @ 9 (B0) &= Byyy e N, (Bpp)

The proof of these theorems and corollaries is obtained in a manner analogous to
the proof of theorem 3.

(4.24)

Corollary 4.5. When there are no eigenvalues of the kind Re(p) = 0
(Y T (&,,) =Ib(E:,) c o) ) = Thlr)| 2
(8) 9 (E,,) = N(E),) (@) 9e,) = Ip(E)

Let us prove (a). From Eq. (3.30),

E! E, _<E'E = 0

|}
2212 1222

We select the vector

y & N (g, ,)

32
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for which

E! E

12729 T O

Since when there are no eigenvectors of the kind Re(p), we have

37.9(1322) N ."9—29 (E-124) - o (4.26)

Since one of them is related to stable eigenvalues, while the other belongs to un-
stable eigenvalues, it is impossible that

Yy & ':9?0 (E{g)

and from this

By & JHED)

But from Eqs. (4.21) and (4.22),

Ey & ﬂzo (E12)

Again, since the condition

y & QZP (E22)

is not satisfied, E, corresponds to an one-to-one transformation within JZ, (E,.)
12
Therefore,

%(Em) T JLE)

All the corollaries are proven similarly.
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CHAPTER 5
SOLUTION OF THE EULER-LAGRANGE EQUATIONS
In this chapter we shall attempt to obtain explicit expressions for the solu-
tions obtained from the Euler-Lagrange equations. We shall be aided by putting
M in canonical form by means of Eq. (3.5) and by the existence theorems of the
previous chapter.

5.1. The relationships between A, B, C and 5 From Eq. (3.22),

- E)JE-—1 (5.1)

(3w) |

M = ol N “nob g
-J! -J o (Jw) |
Recalling Eqgs. (4.17) and (4.23),
A (56.2)
o %(E1 2)
J_ (3¥ columns of G
Do (Bys)
nob(J (o) , columns of & 22
1
S (Bh,)
We get after substitutiﬁg E
"*" o - T (5.3
y R
I

f ] ) N
JE' B ' L 1
| s 2J B2y BB BT En EHJSJQE

Lf) !

Jm 4m g -E..J -E

21950 Ey I BT, P22 nc(J)Ezzl -5, J12 22J'E

1
N " |

\34\



We define

7 B B T o - ' V (5.4)
229" B |
EézEé{ =1
EégEézEg;E{2E22E;; = X
Ey 1822 =z

According to Eq. (3.28), we have
Y=Y | ' (5.50)

EoB o = BioBay

Tor s 5t s e 5 gl
1 1 & 1 1]
BooBooB 0Brn = ByoBi By By,

Multiplying on the right by Eé z"Ez-; and on the left by E'+E' we get

22 922 ?
- " (5.5b)
: T T r - |T— 1 T ' T-
B3 E00B 0B 00Ep0Ey s = BpoBy o BioB By 0Es5

X = X

The form in which it has been written exphasizes the fact that X is the submatrix

., of E E' corresponding to (Ezz)'

12 22
l' : q'
BBy, = 1+ E LB
r 1- | N +\. ‘
2= 1+ BioByylyplyy + By (I~ EyyBs,)Ey,

i + '
The columns of (I- E,, E,,) belong to',Tlp(E2 5 ); according to Eq. (4.24), the -

%211111;1;“ of E,, (I - E, E,,), also belong tgjzo( E,, )and to %(EZ'Z) as well.,

- |
E22Z = E22( I + XY) | (5.5¢)

All the vectors X, Y, Z, D are real expressions. Since Ei' has complex

, 8olumns appearing in conjugate pairs, there exists a matrix F2 such that

Im (EijI:Z) =0

185!



and which has the form

, - A
1 | 0 0
S
F, = | V2 +¥Z
0 5 . P
- | 2 23
o, & -Z
L‘ J 2 J 4
a., If Fikk =1, column € of Eij is real.
b, If F2 f E«’*z ml =1/2/2, then columns eL ‘and e  are complex conjugates. |
¢ If Fz:' — --F2 (m = v2/2j, then columns e and e, are complex conjugates.

d. In all other cases, Fﬁja 0.

It should be noted that also for F;‘
R % -

a. Im (B ij?2) 0

b. "% =
F2F2: I '
Since the complex columns of all the Eij correspond ,

Im (E = Im‘(EijF FI*E' ) = O

1
138 K1) 272 k1

Similary, T
Im (E22F2Fé*J',F2Fé*E22) =0

In(X) =0 ; Im(¥) =0; Im(2) =0; Im(D) =0
We shall now check t'helproperties of matrices X and Y.

a. Equating the submatrices of M as given by Egs. (2.11) and (5.3), we get

0! C = ! ' ! - : 1
C'R, E21JE2%.; 227" By TEzeJnc(39”Eé2 16
- 21T ' ' ; - ‘ \
= By BhoBl T By ot B0 By Byp By = EXF I, (JW)EY,,
' ‘ '
-— = - ) W (5'8)
C'R,C = YD' + DY.- Bf,F.J  (jW)E,,

F, is defined according to Eq. (4.6a). Constructing F, according to Eq. (4.6a)
and Jnc(jw) -according to Eq. (3.24), we get

F

1Jnc ' (5.9)

? 3 D
Bx F.J C(Jtd)1322

(W) 2
T2 1 n =

0
0 i
36!



J__(jw) exists only if A__ has eigenvalues of the kind p = jw. These eigen=-
nc: . c
values again belong to D'.

Let us divide the space 6n into two subspaces: C c(jw) is the subspace
whose base is'defined'by the generalized eigenvectors of D corresponding to the

‘ e1gepvalue p = jw of Anc and CD/ /ﬁc(]w) is the complement of 6 n c(]W) - F

Each vector in the space: G I will be decomposed into two components

. x1<~,C’ (jw) (5.10)
X = X1  + X2 {‘ él-cj- '
| X & nc(.]-"0)

It follows from the definitions of D and x,; that E22 x,is an eigenvector of D'. Therefore \

E)22x1 e Jb (Jnc (jw))|whence we get after substitution:

VRN = ¥ ' - i ¥ (7% : 33
x'*C R1Cx X (YD + DY)}':‘1 X5 (E22F1JDC(JN)E22)X2

Due to separation of x; from x,, it is clear that

x'*(C'R C - BXF,J (jw)E),)x >0

1 22 1 nc
Let us designate the terms in parentheses by Q- This is the value of Q which
would have been obtained but for eigenvalues of the kind p = jw of Anc .

From this

YD' + DY = —Q, € 0 ' (5.11)

Since D represents a matrix with eigenvalues having only real nonnegative com-
ponents, it follows from the augmented Routh-Hurwitz criterion that

Y é 0 (5.12)

b. Again, by equating the submatrices of M we get

- -1x — ' - ' 1’_: s '
BR, B' = E, JE, ,-F,,J'E EHJhob.(er)EHT.

11
+ 1
— t Rt W 1 - '
- E11E22E22J“2‘EE2T2E12 E12E22EZ.2J E22E22E11 t

Tt 1 ' - 1’ tRY P S ] '
+ By (15830 VB o=y o (T-BpoBpp) I By =B Fy oy (30)E]y
, o1
Multiplying by E%from both sides, we get rid of terms containing (I — E;; Eyq)

i _—

.— \ oE - o \ ' ' * __ \ * . ‘ _
E,,BR,B'EX, = ~E,,(2D'X + XDZ')E}~E, Bf,F,J, . (jw)EL, B3,
|

37"



and, after constructing E22 Z according to Eq. (5.5¢), we get

| (5.13)
B -15v _ ' * e
22{BR2 B' - X(YD' + DY)X} . E22{D'X+XD+ET1F1J (1Y )E} 2

..E‘ =1 ' _ oLl = ! ' i
_22{BR2 Bl+XQ X E11F1Jnob(3‘°)n1}§z E), (D' X+XD)E,5 o

Using considerations similar to (5.10) and (5.11), we see that the expression
in parentheses is negative-definite.

Since

MK > Np(5,) = WD)
we have
D'X + XD <0

And according to the extended Routh-Hurwitz criterion, we get according to Eq.
(5.11)

X2 0, (5.14)
5.2 Expansion of eMt:
From Eq. (5.1)
‘ (5.15)
Cr(t) = 5 o3 tg-t
Due to the special structure of ’;f, we get
: t L ' (5.16)
Jt Jt ~JC -J'e . __
e’Jt _|° e e Tpop(iwe Ty
3t e . JC S I
e le Jnc(gw)er atT e

Using Eqs. (5.15) and (5.16) we shall try to find expressions for"'g(-}rzf(t) and
0, (1) .
22
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Constructing E, we get similarly to Eq. (5.7):

@\(”‘Q.e By-Bpze ™ tEé1 Eéz ' J - Jnc(j‘*’)eJtthéz ,
=Ep18208 500 e”PBy,-Eype™ B 2E22Eé1 | 5
E22 g, ; 7' 2'2E22J {0)B B e By 0T
-E22E3-2 ve? ' t_e~Dty_ Dt Jt o L (JWEy e Tdc}Engé2
”EzzEzz{ e e by \{ D )E' Taofe 22 22
=B, B0 d e " (ePPyel by Je E22F I (JW)E' D Car) EéZEéz

Evaluation of the expression in the braces yields:

4 ] ]
eDt{DY + YD' - BS,F.J_ (gw)E 3«: D't _ _D'tgel't

22
We define
oty , j (5.17)
s(t) = é—eDthD tay
gl o~Dtg T
&(t) EppBpp®,  8(t) B2, |

Let us now check 9 (t) to determine the existence (or nonexistence) of the
conjugate point

G, <G, 0e,,80 + Qar(z-s,,80)

We shall check the first expression only:

&) =m0 JtE{éH‘zz e :
(.} £~'7-‘“""2:;3‘*’;2‘“5321f‘ézmzz tbézpébn{z%zEzz 22° thEzzbhEzz 522
CE)i?—z(“Ezz*?;r?. :‘L“Ye ¥+e th}’Dzz 21;
- e“Dt«{- DbyeD by itayx EZZE;;
= e"Dt{L(eDtYeD "oy)x E22E272—
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Differentiating the expression in the parentheses, we get

a4 , Dty D't _y _ Dt ,} D't _ __Dt, D't
it (e”"Ye~  “<Y) = e {DY‘+YD e = e Q,‘_e

Q, is defined by Eq. (5.1). We now define S, in terms of Q

(5.18)
Dt. D'+
5, = J erqe’ "
and get
'l Dt t
@ (‘L)E22 oo = € .{[1 +'s) X|E,, Ezzj—
The second expression for 022(t) is |
| Tte, o =J'to 1
"“="{ I-E,,B 22 = (-Eyze” "Bj+E, e )(I-By B 5
T g ~J't t .
=(-E,,B,,B, 6" Bl +E, 56" B, ) (I- E22E22) >
T Jt -+
-(1- E22 22)E E{z(l E22E22 -
T . ]D‘)
. DT g It ~3'%,
C;L(t)ze LI+S1X% ~Ep,Ep,B 21° BiotBose (I EzzEzz
& . S |
%2(t) 4y 22(t%2 |
' Jtp ‘
+(I- ~Epof 20 By e” By, (I- E22E22)
5922(tf- )

922 (t) has three parts, for which it can be stated that

20, (4))=9)(E,,) R Grap () =R(E )
§Qic7éz(t/zr (Byp) A S22 t)-R(E)
che'zz(t)zz@/}"zz | ﬂ(@‘ze“&yy%z)

The structure of the matrices 9 (t) ]Ais such that each of them has three
zero submatrices and one nonzero submafrlx 9'2 (t) . Accordingly, the struc-
ture of the matrix Ozz(t) is
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(5.19)

Séz(t)q @ézf‘%

0 '552(’0)2,,

Ot =

~

The columns of (I — EzzEz—; ) as well as those of EJ, (I~ EZZE;;) belong to'ryZ:(Ezz)
and hence cannot belong to rj?a ( E2 4 ) Therefore, for any vector that satisfies
y e(ﬁ[o(E22 )., it is also true that 8}, (t),y #0 , whence

det G)réz(t);fd

: -
Sinc&%@'z’“) :92( E2 2) while according to Eq. (5.19) the structure of (-)22 (t) is

|

-1
e>Jzzf )4 —

N

We get
A ¥ Cren o =Dt Dt T
P(t) = E,.E, 4I+S,(t)e " "e "S(t)E,.B
22 22{ 1 32+ qlere2

P(t) = E22E22[I+S1 (t))ﬂ S(t)

[3

Since the difference between S(t) and 81 (f) consists in the expression E22 Jnc(jw)
E' and
22

ANo(X) O I (8,,) D

is a subspace of nonstabilizable state variables, we have

31X = S5X

and

. ) L ooa\ .
P(t) = E;ZEZZ{I-i-S(t)X} s(t)Eé?_EéZ ‘ (5.20)
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" 5.3 Solution as tf =0

Let us check (S). By definition of D and 8, it is clear that
Qv (s) D

is a subspace of nonobservable and stable variables.

Also, if Anob has an eigenvalue, then the eigenvector corresponding to it

will also be the eigenvector of D', and therefore 9 (S) will also contain a
subspace of nonobservable and unstable state variables. Therefore,\

7 (s) D

is a subset of nonobservable state variables.
87('5) —~0as St m\smce D' corresponds to an unstable matr1x L[

Let us find p(t)
t->eo

t ;{ |
}(t) = E,,E,, I+§’!’:E ‘2925 . .

1 S (t) S (t)S(t)X}S(t‘;‘S( )E,E
= Ea820 {,_N: A ZaT)

={s tosx b5 ks

"\ P(t) - o w111 have a finite value, except when lL |
't —~o!

R, (X) ¢ I (9)

I (X)) D »{

is a subspace of nonstabilizable state variables.

On the other hand,

P(t) will have no solution when A has a nonstabilizable and nonobsérvable
eigenvalue. In all the other cases, P(t) is finite and equal to

P(t) = ST(t)S(t){S(t)Sf(t)
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CHAPTER 6,

THE PROBLEM OF THE MAXIMUM

' \

6.1 Introduction

The advantage of the method used here for solving the problem of the minimum
is that it can be adapted to the solution of similar problems. We shall use this me-
thod for solving the problem of the maximum for R, < 0. In order to avoid repe-
tition, we shall not again present the proof but shall refer to the applicable proofs in !
the problem of the |minimum while pointing out the differences that exist. 1 i

6.2 The Eigenvalues of M

\
The symmetry properties of the e1genva1ues are independent of the sign of R,;
hence, theorems 5-7, which were proven in Chapter 3, apply also here.

Unlike the problem of the minimum, in the problem of the maximum it is
possible for M to have eigenvalues of the kind Re(p) = 0 even if the system A does
not have eigenvalues of this kind. Let us therefore differentiate between two kinds
of pure imaginary eigenvalues.

a. Eigenvalues with zero real part belonging to the noncontrollable or non--
observable part of A (eigenvalues of the closed loop). These values will always
‘appear with an even multiplicity.

b. Eigenvalues with zero real part which are obtained from the optimum
solution (eigenvalues of the closed loop).

Theorem 8 also applies to type-a purely imaginary eigenvalues whereas for :
the others we get the following theorem.

Theorem 8a The matrix M will not have additional eigenvalues of the kind
Re(p) = 0 (of the closed loop) if and only if

‘ .
< {(A-—j VJ)(C"R1C)t (&' +3 W) +BR-2'1B'30 x < 0 ‘ (6.1)
X (A'+JW)x & Q (C'R1C)

e



The proof of this theorem follows from Eq. (3.12).

To the extent that there exist zero eigenvalues (of type b) which are the solu-
tion of Eq. (3.13), they will satisfy the following theorem: :

Theorem 9 If M has eigenvalues p = 0 which do not correspond to a type-b
eigenvalue of A, then for each ordinary eigenvector corresponding to this eigen-
value there will exist a general eigenvector.

Proof: From Eq. (6.1), the upper part of the simple eigenvector correspond-
ing to p = 0 satisfies the equation

(6.2)

% ] + ' -1 1 —
x' Alc R1C) A'+BR,'B x. =0

Where the lower part of the vector is obtained uniquely from its upper part (Eq.
(3.10), '

The evenness of multiplicity of the eigenvalues of M ensures that, if there
exist m vectors satisfying Eq. (6.2), then the multiplicity of eigenvalue p = 0
will be 2m. Therefore, there must exist additional nonordinary (generalized)

eigenvectors.

We shall put M in canonical form here in the same manner as this was done in
Eq. (3.5) except that while in the case of the problem of the minimum the imagi-
nary eigenvalues appeared in conjugate pairs, the additional imaginary eigen-
values (of type b), when these exist, may also appear in single pairs. In such a
case, we shall arbitrarily assign the eigenvalues with zero real part and positive
imaginary part to group I{ , while the others will belong to group I Should there'

~exist a zero-type eigenvalue, we shall assign the ordinary eigenvec{(;;‘s to group I ) |
" and the generalized eigenvectors to group I j

(+)°

We get
-1 )j (6.3)
E MBE ' = -
-1 -4 6.4
B - mr (6.4)
where
| = (6.5)
. . s
¥ . Tl
- s ) e '
I (3W)-3(0) -7

with J(0) defined similarly to Jnc(jw) for a noncontrollable eigenvalue.

\
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6.3 Existence theorems

The existence theorems which were proven in Chapter 4 apply also here with
minor modifications. We now consider the case that, with the exception of p =0,
M has no additional eigenvalues Re(p) = 0 of an additional kind (type-b). The proof
of this can be extended to other cases but will not be given. |

Existence theorem 4.1 applies in its previous form;
Existence theorem 4.2 applies in its previous form;

Existence theorems 4.3 and 4.4 acquire the following forms:

Existence theorem 4.3a. The matrix E;, is nonsingular if and only if the
nonobservable part of A relative to A, C is unstable.

Existence theorem 4.4a a. Matrix E2 is nonsingular if the nonobservable
part of A relative to A, C contains uncondlgionally unstable eigenvalues (Re(p) > 0),
if there does not exist an eigenvector belonging to the noncontrollable subspace of
A and corresponding to an eigenvalue of the kind (Re(p) = 0, and if there does not
.exist a type-b eigenvalue p = 0.

b. If the nonobservable part of A contains stable eigenvalues, then E,,is
singular.

6.4 Solution of the Euler-Lagrange Equations

The solution of these equations for the case of a maximum is the same as the
problem of a minimum, and the development is therefore also the same. It should
only be remembered that it is possible here to have complex X, Y, Z, and D.

For convenience in proof, we shall assume that the system is stabilizable and
observable. This assumption does not detract from the generality of the approach,
since it is clear that in the case when the system is not stabilizable, the solution as
t,\—s> oo\ will be infinite, while for the nonobservable part it was shown before
’tf)at its properies have no bearing on the existence or nonexistence of a solution.
We make a distinction between two cases.

6.4.1 M has no type-b eigenvalues with zero real part. Similarly to Eq. (5.19)
we get

- bt (6.7)
O =e [1+38@®x®]

S(t) is defined as in (5.17) except that now Q <'0. Since it was assumed that the
system is stabilizable and observable '

X £ 0 ‘
Cazz(t) = e Dt [ L sy ] x



S(t) ranges from zero to negative infinity. In order that there be no conjugate
point for all t, it is required that

-1 (6.8)

(x! + 8 @i1<o

1 2 o
We shall now check when an expression such as this is obtained. Expressing
the submatrices of A according to Eq. (5.3)

(6.9)

A =ZD!+XDyY

and making the substitution Z =1 + XY, we get

]

D’ + X C’R,C | (6.10)

- ’
A XCR1C

A=D>+X (DY + YD)
)
. iy

it

Substitution of D' into Eq. (5.13) yields

(X A+AX) =XCRCX - BREl B> (6.11)

Since R, < 0, it follows, according to the augmented Routh-Hurwitz criterion, that
X will be negative definite only if A is unconditionally stable.

Hence the necessary condition for existence of a solution to the problem of the
maximum for any t is that A be stable.

The solution of the Riccati equation is
-1 (6.12)

It can be seen from Eq. (6.11) that this exprg_ssion solves the Riccati equa-
tion. It should be noted that the matrix X = E,,E,, is symmetrical and then X 1
will be a solution of the Riccati equation and yiefé a different solution than X1,

i.e., in this case the Riccati equation has two-solutions.
It can be seen from Eq. (6.10) that
| A-X ‘OI;LC =D’ ‘ (6.13)
Hence Eq. (6.12) corresponds to an unconditionally unstable matrix.

It can be shown that A — )-Z(C 'Ric) corresponds to an unconditionally stable

matrix. Hence, of the two solutions which will be found for the Riccati equation,
we select the one that satisfies

Eigenvalues of [ A + X (C’RlC) ] 0 (6.14)
wooom mpA-Pl(@ERO ] O
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When A is unstable, the maximum t for which it is possible to solve the prob-
lem of the maximum is the smallest t for which

det [XT4+s ()] =0 (6.15)

6.4.2. M has kind b purely imaginary eigenvalues

. “As in the preceding section, we shall assume that the system A is stabiliz~+.

able and observable. Due to the cumbersome expressions which are obtained, it |
is difficult to obtain explicit expressions, and hence we shall attempt to examine
this case by comparison with the preceding case. We prove the following theorem:

Theorem 10 We are given a system defined by matrices A, B, and C and the
cost functions

_ . ‘
! 1 — f ] ? 9 :

i f'(Rl) -—7/0 (yR1y+uR2u)dt:

A necessary and sufficient condition for a finite solution of f(Ri) is that the prob-
lem have a solution for the case of cost function f(mRi)

m<&l

Proof: Let us assume that f(mRi) has no finite solution, i.e., that is, it al-
ways possible to find a u(t) such that f(mR,) .7~ . For such u(t), we also have
f(Ri)i—,*F'Q , Since

lf(le);tf)) < lf(Rl;tf)\

Therefore there will be no finite solution for F(R,, tf) . The proof of the inverse
of this theorem is identical.

We now employ this theorem for drawing conclusions regarding the case at
hand. In our case, the equation

* - -

X [ (A-3W D(CRE) (A% JRI) + BR21B’] x =0

has a solution for x. It is always possible to replace R by mR1, when m is such
that !

\ s . -1 ’ ;" s . -1_, I

‘x*’. [ (A-j wI)m ~(C Rlc (A’+ jWI) + BR2 B’] x=0 |

has solutions of the kind Re(p) = 0 only for x = 0, It was seen before that in such
a case we get an infinite solution as t; »»o . Hence, according to theorem 10,

it will be infinite in our case also.
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6.5 Results

We have seen that, unlike the problem of the minimum, the problem of the
maximum can be solved for all the t_ only in particular cases. The criteria for
existence of a solution are quantitative rather than qualitative.

The conditions obtained as 1:f —»> O9are more of the qualitative kind.
The sufficient and necessary condition for the existence of a solution to the
problem of the maximum as ’cf 20 is: a) M has no complex eigenvalues; b) the

system A is unconditionally stable.

Condition a) can be checked out according to theorem 8. From this theorem
we get the necessary condition for the existence of a solution

AJA’ - BR;lB’ 0

It should be noted that this condition is sufficient when AQ is symmetrical.
When Q = —I, this shows that it is easier to obtain a finite solution when A is
symmetrical and, conversely, it is easier to obtain an infinite solution when A has

an increasing asymmetry.

Examples for the Solution of the Problem of the Maximum "

We not present three numerical examples of the solution of the problem of the
maximum (R; < 0). These examples pertain to first-order systems and are suit-
able for three cases characteristic of the problem of maximum.

Example 1. We are given the system

®*=5¢ + u

and the cost function

f( x;u)= tg (-9 x2 + u2 ) dt
0o P
which is to be Iﬁ'ékimized [sic].
For this problem, e
A=5  B=1 C-= .
Rl = - 9 R2 .=

The matrix of Euler-Lagrange equations for this case will be
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M=
9 -5
det [M=-5s1] = (5—s)(-5—s) 2-165
The eigenvé.lues of M are sl' =+4 3°8, = =4, Diagonalization of M yields

~ -1 d L N
5 - o/VE <1/V8Y |4 o |(orVE 1/ (8
M=o -s)FuVvs 1/ Ve \0 -4 1/Y8 1/ Vs

Otey- M - (o/V8 -1/ VB | 9/ V& -1/ V8]
() RAERADIRL nll/Y" 1/ V8]

(1/YE /Y8 [e 0 Jforys -1/ \f§
1/ Y8 9/ V8] o /s 1/ VB

/

Gﬁ(t)=

To check for existence of a conjugate point we must check out the matrix

E-gAt +9e " 4t

Qb=

O 5,8 = ] |

This expression vanishes for tc =11n 9 »0.27, and hence there exists a conjugate

8

point for the problem of the makimum for th >"tc. An optimum solution will exist

only for tf<tc, when there is no conjugate point.

Since
'é> _9 " 4t -4t
21(t) =g (e -e )

it follows that, in cases when a solution does exist, the cost function will have
the value, according to Eq. (2.19),

4gf ) =4 tg )
P(x )= € v € p'e
° at, -t °
e +9€ t

Let us now try to gain insight into the meaning of the conjugate point. Let

1 21510

us assume that the system has the initial condition X, = 0, if an optimum solution

exists, when we shall get for the cost functlon P(0) = 0. Had we selected u = u
= const, we would have obtained

0

3
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=5x+uo
S5t
(e -l)uo

Ui X e

£ : 2 2 2
£Cxu) =fTox? +uhy ar =/ F [ T (1-"H +u 1ot

18 Sty _ 9 0ty

=u2[l_ f+_... :
° 25 % 125 250 i

The expression in the brackets is positive for t £ 0.32 and negative for
t>'0. 32, and when Uy ~>6s this expression approaches —eoa. That is, it is

possible to obtain a better minimization for t > 0. 32 than that which would be
obtained with optimum u. It should be noted that in fact the value t = 0.32 is
higher than that of the conjugate point (which is tc = 0.27); this means that the

selection of u, = const for 0.27 £ t.<£.0.32 is poor. However, it is possible to
find another u(t) which will make the cost function go to infinity.

Examination of the cost function shows that the optimum cost function changes
sign at t and becomes positive for t, > t . Selection of u = 0 will always result

f
in a minimal value.

Example 2. We are given the system

*

x ==5x +u
with a cost function identical to that of example 1
\ t \\
‘£ ( x;\!u) =J f~(-9x2+ uz) dt
\ | o
Here

A=-5 B=1 Ca=1
JIR.= =9 Rra.kl_

The matrix of the Euler-Lagrange equation is

-

-5 -1
M =
19 +5
det (M - sI.) =s? - 16 |
Again in this case the eigenvalues are sy = H“ s 9 = -4

[ ¥ HERE . !
—
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Again, by diagonalizing we get for the system's matrix

s 4t

Li/E -1/VB)|e o |[-uvE -inE]

9/\8 1/|8llo e 9 /& 1/\8

() = o ME o

For 922(t) we get
(E}‘ 1 -4t 4t
9o (t) ="g'[-e +9e ]
This expression is never zero, and hence there will be no conjugate point for any
finite t. Hence,
@, ( 4t "4t
Zl(t) =, 9e - e

And according to Eq. (2.19)

4t =4t
2 9‘e £f_ ge £ 9
f(xo) = P(t) X T4 4tf %o
-e + 9e
As ’cf —> 0
P (tf)| = -1
t  —>o9

£

It is expected that there exists a solution for t, since A is stable, while

M has no purely imaginary eigenvalues. It should be noted that P = =1 is a solu-
tion of the applicable Riccati equation

9+10P+P2 =0

Also P = 79 is a solution in this case. This solution, however, is incorrect. To
show that this is so, we apply the test established in Eq. (6.12)

The eigenvalues of [A— P‘l(C 'R1C)] must be positive for

-5 = (+1)(-9) =4 P=-l

-5 ..(.;_; Y( =9) ==4 , P=-9
and hence only P = ~1 is the correct solution.
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Example 3. We are given the system
k=3x+u

and an eigenfunction for minimization

t
f (x; u) =jf _('-25 x2 + u2) d’t

o .

In this case,
| A=3 B=1 C=1" R1=-25 R2=+l
The matrix M which is obtained is
\
M=3 _l;det('M—sI)=sz+l6

5 -3

4

and the eigenvalues are s = +j4. Expansion of eMt yields
I

jat

1 e 0 |} 3+j4 -1

1
(t) = & = et
-34  3+34JL0 eIl -(3-34) 1

After expansion, we get forIO"'n(t)

22(t) = g (sin 4t + cos {&t) = ?‘, [sin(4t + ¢ )] : |
(13 = ar_c sin'.§~

which becomes zero for the first time when

4t +p i

i ,
T
Cc

=N

(2W~-arcsin§)i|

and this is the maximum value that tf may attain.

It can be seen that in the case of time variations the solution is always smaller
than one cycle.

From the cover letter - R

..... The existence theorems in Chapter 4 can also be proven as inverse theorems
in all the cases. I did not want to complicate matters and hence did not include these
proofs. The proofs are by means of substitution.|
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The development in Chapter 5 is cumbersome and nonelegant, but this was
done for the sake of mathematical exactness. The extensive use of E, E;i '

was caused by the,desire to obtain matrices corresponding to the nullity space of
E . For example, if

')v'\..: A\ N'L . ¥ -
: ~ ~T .11 o |
ey by | C“b”") J |

O o0
then
= rT . ’\"ﬁ
E" -~ . —
wtn M E L E, = \M, ©
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